The Z N -invariant chiral Potts model is considered as a perturbation of a Z N conformal field theory. In the self-dual case the renormalization group equations become simple, and yield critical exponents and anisotropic scaling which agree with exact results for the super-integrable lattice models. The continuum theory is shown to possess an infinite number of conserved charges on the self-dual line, which remain conserved when the theory is perturbed by the energy operator.
valid only for weak chirality, close to the isotropic point. However, they suggest that the exponents are in fact independent of the magnitude of the chirality parameter, to all orders in perturbation theory. The main non-universal feature, which appears to vary continuously along the critical line, is the orientation of the principal axes with respect to which anisotropic scaling occurs. In addition, we show that there is a two-dimensional parameter space in which these models are integrable in the continuum sense, that is, they possess an infinite number of conserved charges.
In the simplest case, N = 3, the reduced lattice Hamiltonian for this model on a square lattice with sites labelled by pairs of integers (x, y) is S = − x,y K x cos(∆ x θ x,y − δ x ) + K y cos(∆ y θ x,y − δ y ) ,
where the θ x,y are angles which are integer multiples of 2π/3, and ∆ µ (µ = x, y) is the lattice difference operator. The original version of this model, due to Ostlund [1] , corresponds to δ y = 0. The self-dual case, of interest here, occurs for δ y = ±iδ x .
The superintegrable point then corresponds to δ x = π 6 . When δ x = δ y = 0, this model is the ordinary 3-state Potts model, whose continuum limit at the critical point is described by the Z 3 -invariant conformal field theory with central charge c = 4 5 . When the chiral perturbation is turned on, to which operators in the continuum theory does it couple? On the lattice, δ µ couples to sin ∆ µ θ. This transforms under 90 • lattice rotations like a vector, and so should, in the continuum limit where full rotational invariance is recovered, transform as a combination of operators with spins ±(4n + 1), where n = 0, 1, . . .. The most relevant such operators of the Z 3 conformal field theory, which are not total derivatives, have spin ±1, and (labelled by their scaling dimensions (h,h)) are Φ (
where S 0 is the action of the Z 3 conformal field theory. The self-dual subspace, with which we shall be mostly concerned, then corresponds toδ = τ = 0. We are therefore considering a conformal field theory perturbed by an irreducible spin one
operator. This will turn out to have greatly simplifying consequences.
* This apparent lack of symmetry between Φ ( Let us consider the renormalization group equation for the dimensionless coupling g = δa 1/5 , reflecting the flow of this coupling under changes in the microscopic lattice cut-off a. It is conventional to work within a scheme where the lattice cutoff is replaced by one which respects the rotational symmetry of the theory. In particular, we may consider an expansion of the partition function in terms of the connected correlation functions of Φ ( , with an ultraviolet regulator which prohibits any two of the integration arguments approaching more closely than a.
Within such a scheme, the coefficients of the renormalization group β-function to any finite order in perturbation theory are given by integrals over correlation functions evaluated in the unperturbed theory, which has rotational symmetry. This has the consequence that, to all orders in perturbation theory, the renormalization group equation for g is given by its first term only:
because any higher order terms g n with n > 1 would not transform correctly under rotations. Explicit calculations at low orders confirm this result. In the same way, if we consider any scalar perturbation of the action S, for example the thermal operator, then its renormalization group equation can contain no dependence on g, so thatτ
The same is true for all other such scalar quantities which could enter the free energy.
The renormalization group equations, within such a scheme, are therefore triv- 
Using the operator product expansion
and the fact that
Now we should expect to be able to express all the terms on the right hand side in terms of the renormalized coupling constant and renormalized operators of the conformal field theory. But Eq. (4) implies that δ needs no renormalization (as may be checked, there are no new ultraviolet divergences in correlation functions),
and a simple dimensional argument shows that the operator multiplying the term of order δ n would have scaling dimensions (2 + 2n/5, 1 − 3n/5). Since these must all be non-negative, only the n = 1 term is in fact present. It then follows from the conservation equation ∂zT + ∂ z Tz z = 0 that
and similarly that
.
The fact that these are not equal implies that rotational symmetry is broken, as expected. Instead we see that
This implies the existence of an unusual symmetry, under transformations which are mixtures of rotations and dilatations
where ω is arbitrary. However, we see immediately that these transformations do not preserve the reality of z +z and i(z −z), and therefore do not appear to be physical. This requires careful discussion. Since δ y is pure imaginary, the Boltzmann weights are not necessarily real and positive. This means that there is no straightforward interpretation as a statistical model. Several of the usual properties of such systems, such as insensitivity of bulk thermodynamic quantities to boundary conditions, can fail in this case, and it appears that the usual arguments supporting the existence of a continuum limit may not go through either. However, as pointed out by several authors, although the transfer matrix corresponding to Eq. (1) is not real, it is hermitian, as is the quantum hamiltonian which arises in the limiting case. Therefore such a transfer matrix, or quantum hamiltonian, should define a sensible quantum theory in 1 + 1 dimensions with the possibility of a continuum limit as a quantum field theory.* Within this picture the symmetry Eq. (12) is now physical, since in real time z andz get replaced by light-cone co-ordinates x ± = t ± x, while Eq. (11) there must be a minimum value of κ, say κ min . If κ min < 0, the ground state will then lie on this curve, and will have non-zero eigenvalue of P , implying a spontaneous breaking of translation symmetry. In fact, exact calculations at the superintegrable point [12] , and numerical calculations for more general values of the chiral parameter [13] , indicate that this in fact happens. As the critical line is approached, a whole sequence of first-order transitions takes place in which states with non-zero momentum cross the lowest energy state in the zero-momentum * These observations do not invalidate our previous assertions about the structure of the renormalization groupequations, which were made within the context of perturbation theory, which is well-defined in Euclidean space. However, it should also be possible to work entirely in real time, and require a perturbative regularization procedure which respects Lorentz invariance. 8 sector. The results for the critical exponents, however, refer to quantities evaluated in the perturbative sector, whose lowest energy state we denote by |Ψ 0 .
A two-point correlation function of an arbitrary scalar operator φ can be written as an integral over a spectral density Ψ 0 |T [φ(x + , x − )φ(0, 0)]|Ψ 0 = ρ(p + , p − )e ip·x dp + dp − ,
where
which will have the scaling form
where we have used the facts that φ transforms under dilatations according to its scaling dimension x φ , and is a Lorentz scalar, and that |Ψ 0 is annihilated by P + and P − .
All this is supposed to be valid on the self-dual line. When the thermal perturbation is added, the scaling function Φ will also depend on the additional scaling variable τ (p + p − ) −3/5 (where the exponent 3 5 reflects the value of the thermal eigenvalue.) We may write this two-variable scaling form alternatively as
We therefore identify the anisotropic correlation length exponents ν 1 = 1 and
It will be noticed immediately that the principal axes with respect to which this anisotropic scaling takes place are x ± , not t and x as is found in studies of 9 the superintegrable case [2, 4] . We now offer an explanation of this. The lattice theory differs from the continuum action Eq. (3) by terms which break rotational, or Lorentz, symmetry. These terms are irrelevant in the isotropic theory at the critical point, since they correspond to operators of spin 4 or higher. When such an isotropic critical theory is perturbed by a scalar operator, it is generally true that such operators remain irrelevant, at least in the scaling region. This is consistent with the observation that no new terms in their renormalization arise from the scalar perturbation. When a theory is perturbed by a non-scalar operator, however, this is no longer valid. Indeed, in the present case the coupling constant g s of an operator of spin s can be renormalized at order g s by the interaction, so that its renormalization group equation has the forṁ
A particular case of interest is the (zz) component of the stress tensor T whose coupling g 2 will get a contribution at order g 2 . In fact, this may be computed from the operator product expansion Φ (
The stress tensor is an example of a redundant operator. When added to the action, it does not modify the critical exponents, but instead its effect may be removed by an appropriate co-ordinate transformation. In our case, this is accomplished by sending*
There are, in addition, higher order effects in a which come from terms in Eq. (19) like g −4 g 6 , and so on. All of these will be non-universal, and cannot be calculated * The operator product expansion coefficient 7 2 comes from the scaling dimension 7 5 normalized by c 2 = 2 5 . The extra factor of 2π in Eq. (20) arises from that in the conventional definition of the stress tensor. 10 within our continuum approach. Note that all these additional operators do not affect the simple renormalization group equation Eq. (4) for g, since they are all have even spin. Although this shows that non-universal lattice effects may rotate the principal scaling axes away from the light-like directions x ± , it does not explain why the axes should be precisely parallel to t and x at the superintegrable point.
Perhaps there is a hidden symmetry at this point which requires such an alignment.
Although the arguments above have been presented for N = 3 for clarity, they generalize straightforwardly to arbitrary N . In that case, in the isotropic Z N model, the leading thermal operator has scaling dimensions (2/(N + 2), 2/(N + 2)), and the leading spin 1 operator ((N + 4)/(N + 2), 2/(N + 2)). We take this as coupling to the chiral parameter δ. All the previous arguments then go through, and in particular we find that T −+ = 2 N T +− . This leads to anisotropic correlation length exponents ν 1 = 1, ν 2 = 2/N , in agreement with the exact results found at the superintegrable point [4, 5] .
Finally, we give a simple argument that these continuum models should be integrable. In the conformal field theory, there is an infinite number of conserved charges corresponding to holomorphic and antiholomorphic currents (T (s) (z), 0) and (0, T (s) (z)) of arbitrarily high spin s. When the theory is perturbed by the thermal operator Φ 2/N +2,2/N +2 , it is well known that an infinite subset of these remain conserved, with spins s following the exponents of of A N −1 modulo the Coxeter number [14] . This may be traced to the property that the residue at z 1 = z in the operator product expansion of T (s) (z) and Φ 2/N +2,2/N +2 (z 1 ,z 1 ) is a total derivative with respect to z [11] . Similarly, an infinite set of antiholomorphic currents remain conserved for an analogous reason. Now all of the Z N conformal field theories possess an extended W -symmetry, generated by conserved currents W (n) (z) and W (n) (z) [15] . With respect to this extended symmetry, the chiral fields commutes with all the antiholomorphic ones, it follows that all the antiholomorphic currents which remain conserved under a purely thermal perturbation remain conserved when the chiral perturbation is also present. In general, however, the holomorphic currents are no longer conserved. It is unclear at this point what consequences may be drawn from this. The theory with both types of perturbation is expected to be massive, and therefore to possess a sensible S-matrix. However, in the absence of Lorentz invariance (which holds only when δ = 0), or the mixed symmetry discussed earlier (which holds only when τ = 0), there is no simple way of determining how these conserved charges act on the asymptotic states.
The manifolds of integrability are the planesδ = 0 and δ = 0 in the space parametrized by (τ, δ,δ). These appear to differ from the lattice case, where, close to the isotropic point, the exact solution manifold, expressed in our coordinates, has the form τ ∼ δδ. It is possible that irrelevant couplings are responsible for this difference, or that continuum and lattice integrability are rather different properties.
In passing, we comment on the more physical case of of the uniaxial model with δ x = 0, δ y = 0. In this case symmetry arguments are are far less powerful. The renormalization group equation for δ x is no longer trivial, and gets corrections at order δ 5 x . These are very difficult to compute, involving as they do an integral over a 6-point function. However, they do suggest the possibility of a non-trivial fixed point for δ x = 0. If this were to occur, it would correspond to a Lifshitz point, whose existence is still controversial in numerical studies of the N = 3 model [16] .
In summary, we have given simple symmetry arguments for the values of the critical exponents of the Z N chiral Potts models on the self-dual line. These argu-ments are valid in the limit of weak chirality, but the results are independent of the its magnitude, and are consistent with those found at the superintegrable point.
We have argued that the continuum theory makes sense only in Minkowski space, and found that it exhibits an unusual space-time symmetry, which allows for the observed spontaneous breaking of translational symmetry in the true ground state.
Our analysis indicates that, while the anisotropic correlation length exponents are universal, the principal axes to which they refer are not, and that these should rotate away from the light-like directions as the chirality parameter δ is increased.
This may explain the inconclusive results obtained for mass-gap scaling in numerical work for small values of δ [2] . Crossover theory suggests that the asymptotic regime should be reached only for reduced temperatures of the order of δ 2N/(N −2) , which will be a very narrow region, especially for N = 3. However, even then, 
